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Abstract. The effects of vacancies (i.e. chargeless and spinless impurities) in the Hubbard models
on several chains and ladders are studied; these latter are simple and dimerized chains, and standard
and zigzag two-leg ladders. Local electron numbers and local magnetizations near the vacancies
are evaluated by the quantum Monte Carlo method.

1. Introduction

Recently, the effects of nonmagnetic impurities in low-dimensional quantum spin systems have
attracted much attention. Through intensive studies by many authors (see, e.g., references
[1–4], the behaviours near the impurity (i.e. vacancy) in the Heisenberg models on various
lattices have been clarified. See, e.g., [5] and references cited therein.

In the present paper, we study the Hubbard model with a chargeless and spinless impurity
(i.e. vacancy), as an extension of the Heisenberg model with a vacancy. As a result of this
extension, we have not only the spin degree of freedom but also the charge degree of freedom.
We discuss charge and spin properties near the vacancy for the Hubbard models on several
chains and ladders, by using the quantum Monte Carlo method.

Since we are interested in the relationships between the impurity effects and the bulk
properties, we choose the lattice configurations and the parameters in the Hubbard models
such that the present models realize various states in the bulk, e.g. band insulators and Mott
insulators with or without spin gaps.

The purpose of the present work is to achieve an understanding of the variety of effects
of the impurity in the Hubbard model.

2. The model

In the present paper, we consider the effects of vacancies in the Hubbard model on several
lattices, described by

H = −
∑
〈i,j〉

tij
∑
σ=±

(c
†
iσ cjσ + c†

jσ ciσ ) + 4u
∑
j

(
nj+ − 1

2

)(
nj− − 1

2

)
(2.1)

wherecjσ (or c†
jσ ) denotes the annihilation (or creation) operator at sitej with spin σ and

njσ stands for a number operator defined bynjσ ≡ c†
jσ cjσ . The sum

∑
〈i,j〉 runs over all of

the pairs of sites on the bonds of the lattice, while
∑

j runs over all of the sites. We introduce
a chargeless and spinless impurity at sitej0 by removing the operators of the site.
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Since the Hubbard model at half-filling approaches the Heisenberg model for the limit
u→∞, our model (2.1) with vacancies can be recognized as an extension of the Heisenberg
spin system with nonmagnetic impurities.

Figure 1. Cluster geometries for the Hubbard model with vacancies; (a) an ordinary open chain
(section 3), (b) a type-A bond-alternating open chain (section 4), (c) a type-B bond-alternating
open chain (section 4), (d) a two-leg ladder with a vacancy (section 5) and (e) a zigzag ladder with
a vacancy (section 6).

In section 3, we discuss the ordinary Hubbard chain in order to explain our strategy. The
bond-alternating Hubbard chain with spinless and chargeless impurities is studied in section 4.
We also study the effects of vacancies in the two-leg Hubbard ladder and in the zigzag Hubbard
ladder, in sections 5 and 6. We focus on the cases of almost half-filling in each model. The
cluster geometries of these models are shown in figure 1.

Before closing this section, we need to make a short comment, as a preliminary for later
discussions. We remark that the present system has the SO(4) symmetry when the relevant
lattice is bipartite [6]. In fact, the six generators of the symmetry are given by

S+ =
∑
j

c
†
j+cj− S− = (S+)† S3 = 1

2

∑
j

(nj+ − nj−) (2.2)

T + =
∑
j

εj cj+cj− T − = (T +)† T 3 = 1

2

∑
j

(1− nj+ − nj−) (2.3)

where the sum
∑

j runs over all of the sites, andεj takes the value 1 (or−1) when the sitej
belongs to the A (or B) sublattice. Each of the sets{S+, S−, S3} and{T +, T −, T 3} realizes the
generators of the SU(2) symmetry in the spin and charge sectors, respectively. Therefore, we
can express the symmetry as SO(4) = SU(2)charge× SU(2)spin/Z2. We describe the total spin
(or thez-component of the total spin) by the symbolS (or Sz). We use the symbolsT andT z

to express the corresponding quantum numbers in the charge sector.
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3. The Hubbard open chain

In the present section, we explain how to understand the properties of the region around the
vacancy in the Hubbard models. For this purpose, we take the one-dimensional ordinary
Hubbard model as an example; it is described by

H = −t
∑
j

∑
σ=±

(c
†
jσ cj+1σ + c†

j+1σ cjσ ) + 4u
∑
j

(
nj+ − 1

2

)(
nj− − 1

2

)
. (3.1)

By eliminating the operators at a site, we introduce a chargeless and spinless impurity at the
site. Such a impurity cuts the chain, so we can recognize the effects of the impurities as those
of the boundaries. On the other hand, since an impurity does not cut ladder-type systems,
impurity effects do not necessarily mean boundary effects.

We calculate the reduced local densities of charge and spin sectors:

χ(c)(x) = −1

2
〈nx+ + nx− − 1〉 and χ(s)(x) = 1

2
〈nx+ − nx−〉. (3.2)

We evaluateχ(c) for (N+, N−) = (L2 − 1, L2 − 1) (or=(L2 − 1
2,

L
2 − 1

2)) andχ(s) for (N+, N−)
= (L2 + 1, L2 − 1) (or=(L2 + 1

2,
L
2 − 1

2)) when the chain lengthL is even (or odd). Here, we
describe the numbers of the electrons with up and down spins by the symbolsN+ andN−,
respectively. We remark thatχ(c)(x) = χ(s)(x) holds foru = 0. We may recognizeχ(s)(x)
as the local density of two particles (or one particle) for even (or odd)L. Each particle has
spin +1

2 and charge 0 (i.e.Sz = 1
2, T z = 0 in terms of the SO(4) symmetry) and is called a

‘spinon’. Similarly,χ(c)(x) stands for the local density for the two-particle (or one-particle)
state whenL is even (or odd). Such a particle has charge +1

2 and spin 0 (i.e.T z = 1
2, Sz = 0)

and is called a ‘holon’. We may also name the particles with quantum numbers of opposite
signs the ‘antispinon’ and the ‘antiholon’, respectively. See, e.g., reference [7].

In order to evaluate the local densities, we use the quantum Monte Carlo method [8] of the
auxiliary-field scheme for canonical ensembles [9–11]. We takeT/t = 0.1 as the temperature.
Then, we recognize that the systems almost realize the ground-state properties. Extrapolating
the data for various Trotter numbers, we obtain the results for the relevant quantum systems.
For each simulation, we take 10 000 steps for relaxations and 100 000 steps for measurements.
The results thus obtained are shown in figure 2. We have taken the parametersL = 59, 60
andu/t = 0.5. Typical errors (∼1 σ ) are less than the symbol sizes. (We have also performed
similar numerical calculations in the following sections.)

We also plot the uniform partχu and the alternating partχa of the local densitiesχ (i.e.χ(c)

or χ(s)), which are defined as

χ(x) = χu(x)− (−1)xχa(x).

In our numerical calculations, we have estimatedχu,a by [5]

χu(x) ' 1

2
χ(x) +

1

4
(χ(x + 1) + χ(x − 1))

and

χa(x) ' (−1)x(χu(x)− χ(x)).
We can recognizeχu(x) as the average density of holes or spins atx. The magnitude of the
staggered structure is described byχa(x). While the staggered structure in the spin sector
corresponds to ‘· · ·+−+−+ · · ·’, that for the charge sector is given by ‘· · ·0± 0± 0 · · ·’.

The behaviour of the spin sector is qualitatively the same as that of the Heisenberg open
chain; see, e.g., reference [5].
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Figure 2. Local densities of the charge and spin sectors in the Hubbard open chain. The charge
local densityχ(c)(x) and its uniform part and alternating part are shown for each of the cases:
(a)T z = 1,Sz = 0 (L = 60) and (b)T z = 1

2 , Sz = 0 (L = 59). The spin local densityχ(s)(x) and
its uniform part and alternating part are given for each of the cases (c)T z = 0, Sz = 1 (L = 60)
and (d)T z = 0, Sz = 1

2 (L = 59).

Under the open boundary condition, the Hubbard model can be solved exactly by the
Bethe-ansatzmethod [12]. However, it is difficult to evaluate the local physical quantities
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Figure 2. (Continued)

using the Bethe-ansatzwave function; refer to [13]. (Bed̈urftig et al [14] have evaluated
local quantities in the Hubbard open chain away from half-filling, by using the density matrix
renormalization group method.) If we use the bulk [7] and the boundary [15] scattering matrices
of the holon and the spinon, we may be able to evaluate such quantities asχ(c)(x) andχ(s)(x)
in the thermodynamic limit, analytically.
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Figure 3. Local densities of the charge and spin sectors in the bond-alternating Hubbard chain
with L = 60. The charge (χ(c)(x)) and the spin (χ(s)(x)) local densities are evaluated forT z = 1,
Sz = 0 and forT z = 0, Sz = 1, respectively. The results for the type-A model withr = 0.5 (or
r = 0.8) are given in panels (a) (or (b)), while the results for the type-B model withr = 0.5 (or
r = 0.8) are also given, in panels (c) (or (d)).

4. The bond-alternating chain with boundaries

In the present section, we consider effects of chargeless and spinless impurities in the bond-
alternating Hubbard chain described by
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Figure 3. (Continued)

H = −t0
∑
j

(1− (−1)j δ)
∑
σ=±

(c
†
jσ cj+1σ + c†

j+1σ cjσ ) + 4u
∑
j

(
nj+ − 1

2

)(
nj− − 1

2

)
. (4.1)

Here, the hopping matrix elements take two values,t1 ≡ t0(1 + δ) and t2 ≡ t0(1− δ), alt-
ernately. We expect the present model witht1 6= t2 (t1 > 0, t2 > 0) to have gaps in both the
charge and the spin excitations at half-filling, in the thermodynamic limit. This system is
expected to be a band insulator.
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Figure 4. Uniform parts (χu(x)) and alternating parts (χa(x)) of the local densities on the type-A
bond-alternating Hubbard open chain given in figure 3. The results forr = 0.5 are shown in panels
(a) and (b), and those forr = 0.8 are shown in panels (c) and (d).

Similarly to in the previous section, we remove the operators of a site to introduce an
impurity at the site. Consequently, we obtain the model of equation (4.1) with open boundaries.
We only discuss the case with evenL, whereL denotes the chain length. We recognize that
the impurities are at the sites 0 andL + 1. Then, we have two types of chain:type A: t1 = t ,
t2 = t ′ andtype B: t1 = t ′, t2 = t , with 0< t ′ 6 t = 1. See figure 1.



Effects of vacancies in the Hubbard model 501

Figure 4. (Continued)

For each type of model, we calculate the reduced local densities (3.2) of the charge and
spin sectors, i.e.χ(c)(x) for N+ = L

2 − 1,N− = L
2 − 1 (i.e.T z = 1, Sz = 0) andχ(s)(x) for

N+ = L
2 + 1,N− = L

2 − 1 (i.e.T z = 0, Sz = 1), respectively. On the analogy of the previous
section, we may recognize these quantitiesχ(c) andχ(s) as the local densities for two-particle
states of holons and spinons, respectively.

In our calculations, we have taken the parametersL = 60, u/t = 0.5 andr ≡ t ′/t =
0.5, 0.8.
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Figure 5. Uniform parts (χu(x)) and alternating parts (χa(x)) of the local densities on the type-B
bond-alternating Hubbard chain given in figure 3. The results forr = 0.5 are shown in panels (a)
and (b), and those forr = 0.8 are shown in panels (c) and (d).

In figure 3, we show the reduced local densities of the charge and spin sectors obtained
from our calculations. In each figure, we also plot the results obtained withu = 0. We have
χ(c)(x) = χ(s)(x) for u = 0. In the type-A model, holons and spinons seem to ‘feel’ the
repulsive potential from the edges. On the other hand, boundaries of the type-B model attract
the particles.
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Figure 5. (Continued)

In figures 4 and 5, we show the uniform parts and the alternating parts of the local densities.
At first, we focus on the type-A model (see figure 4). The uniform part of the hole density is
very similar to that of the free system (u = 0). On the other hand, the uniform part of the spin
density suggests that the boundaries repel the spinons more strongly than do the holons. The
alternating part of the hole density is suppressed by the on-site Coulomb interactions, while
the corresponding part of the spin density is enhanced by the Coulomb interactions. Next, we
discuss the type-B model (see figure 5). Only near the boundaries doχu andχa have finite
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Figure 6. Local densities of the charge and spin sectors in the two-leg Hubbard ladder with a
vacancy. A vacancy is located at the rung 0 on leg 2 of the ladder withN = 63 (i.e.L = 32).
The charge (χ(c)(x)) and the spin (χ(s)(x)) local densities on each leg are evaluated forT z = 1

2 ,
Sz = 0 (panel (a)) and forT z = 0, Sz = 1

2 (panel (b)), respectively.

values. This means that the boundaries trap holes and spins. The localization length of the
holon near the edge is longer than that of the spinon. We expect the localization length to
give the correlation length in each sector. Although our numerical results may contain a lot of
finite-size effects, short localization lengths reflect the massive excitations in both sectors.

These behaviours obtained from our calculations suggest the ground-state properties of
this system. Namely, the electrons on the bonds with larger hopping matrix elements tend to
form charge–spin-singlet pairs, which form the ground state of the two-site Hubbard model; see
appendix A. (Of course, we also have the singlet pairs on the weak bonds due to the quantum
fluctuations, similarly to in the resonating-valence-bond picture [16].) Consequently, we have
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unpaired electrons (i.e. holons or spinons) at the edge sites in the type-B model, which may
correspond to the electrons trapped at the boundaries. On the other hand, in the type-A model,
we mostly have the singlet state on the bond between sites 1 and 2 since the existence of
a vacancy prevents resonance. As a result, it may be hard for unpaired electrons to stay at
boundaries.

The spin sector of the present model qualitatively gives the same results as the bond-
alternating Heisenberg chain; see, e.g., reference [5].

5. The two-leg ladder with a vacancy

In the present section, we consider the effects of a vacancy in the two-leg Hubbard ladder
described by

H = −t‖
∑
j

∑
a=1,2

∑
σ=±

(c
†
jaσ cj+1aσ + c†

j+1aσ cjaσ )− t⊥
∑
j

∑
σ=±

(c
†
j1σ cj2σ + c†

j2σ cj1σ )

+ 4u
∑
j

∑
a=1,2

(
nja+ − 1

2

)(
nja− − 1

2

)
. (5.1)

The present model, equation (5.1), has been investigated by many authors; see, e.g., reference
[17] and references cited therein. According to previous work, this system is expected to be
in a charge- and spin-gapped phase for allu > 0 andt⊥ > 0 (t‖ > 0) at half-filling, in the
thermodynamic limit. Moreover, the crossover from a spin-liquid Mott insulator to a band
insulator att⊥/t‖ = 2 is expected to occur ast⊥/t‖ increases.

Similarly to in the previous sections, we introduce a vacancy into the ladder withL rungs
under the periodic boundary condition. (We takeL to be an even number.) The total number
of sites in this model is given byN = 2L− 1.

Also in this model, we calculate the reduced local densities (3.2) of the charge and
spin sectors;χ(c)(x) for N+ = L− 1, N− = L− 1 (i.e. T z = 1

2, Sz = 0) andχ(s)(x) for
N+ = L + 1,N− = L− 1 (i.e.T z = 0, Sz = 1

2), respectively. Here,χ(c)(x) = χ(s)(x) holds
for u = 0. Then, we may recognize thatχ(c) (or χ(s)) describes the local density of the
one-holon (or one-spinon) state.

In our calculations, we takeN = 63 (i.e. L = 32), u = 0.5, t‖ = 0.5 and t⊥ = 1
(i.e. t⊥/t‖ = 2). We introduce an impurity at the rung 0 on the leg 2. We have to identify
the rung−L/2 as the rungL/2 due to the periodic boundary condition.

In figure 6, we plot the reduced densities on the two legs. We also show the total density
on each rung. In the charge (or spin) sector, a charge (or spin) ‘moment’ is enhanced around
the vacancy, in terms of the SO(4) symmetry.

In figure 7, we show uniform and staggered (i.e. alternating) parts of the local densities on
each leg. The uniform part on a leg gets larger near the impurity. The fact that the staggered
parts on the two legs take opposite signs comes from the alternate oscillation of the densities
on the legs.

The enhancement of the moment around the vacancy suggests the local properties of the
ground state of the present model. Namely, we can expect a pair of electrons to mostly form
an SO(4)-singlet dimer at each rung. In each dimer, the ‘spinon and antispinon’ or ‘holon
and antiholon’ confine one another to realize the singlet state. (Refer to appendix A.) As a
result, we have an unpaired holon or spinon with finite moments when we remove a site and
the electrons at that site.

The spin sector of the present model qualitatively gives the same results as the two-leg
Heisenberg ladder with nonmagnetic impurities; see, e.g., references [1,5].
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Figure 7. Uniform parts (χu(x)) and alternating parts (χa(x)) of the local densities on the two-leg
Hubbard ladder given in figure 6. The results for charge densities are given in panels (a) and (b),
and those for spin densities are given in panels (c) and (d).

6. The zigzag ladder with a vacancy

In the present section, we consider the effects of chargeless and spinless impurities in the
zigzag Hubbard ladder described by
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Figure 7. (Continued)

H = −t1
∑
j

∑
σ=±

(c
†
jσ cj+1σ + c†

j+1σ cjσ )− t2
∑
j

∑
σ=±

(c
†
jσ cj+2σ + c†

j+2σ cjσ )

+ 4u
∑
j

(
nj+ − 1

2

)(
nj− − 1

2

)
. (6.1)

The present model, equation (6.1), has also been discussed by many authors; see, e.g.,
reference [18] and references cited therein. According to previous work, we have a spin-
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Figure 8. Local densities of the electron number (ρ(x)) and the magnetization (σ(x)) in the zigzag
Hubbard ladder with a vacancy. A vacancy is located at the site 0 of the ladder withN = 63
(i.e.L = 64). In panels (a) and (b), we giveσ(x) andρ(x) for1N = 0,Sz = 1

2 , respectively. We
give the local electron numbers for1N = −1,Sz = 0 and for1N = +1,Sz = 0 in panels (c) and
(d), respectively.

gapless phase with a charge gap for smallu > 0 and|t2| < t2c (t1 > 0) at half-filling in the
thermodynamic limit. (Foru→ 0, t2c goes to 0.5t1.) This phase is expected to be a Mott
insulator with a gapless spin excitation. We concentrate on this phase in our discussions.
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Figure 8. (Continued)

In the same way as in the previous sections, we introduce a vacancy into the zigzag ladder
with L sites (whereL is an even number) to obtain a system withN = L− 1 sites.

We remark that this model does not have particle–hole symmetry or SO(4) symmetry.
That is, we cannot convert the results forT z = 1

2 to results forT z = − 1
2 by the particle–hole

transformation andT is not a good quantum number. However,S, Sz andT z are still good
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quantum numbers, since the present model has U(1)charge× SU(2)spin symmetry. Instead of
usingT z, we take the quantity1N ≡ −2T z in this section, which denotes the deviation of the
electron number from the half-filling value. Taking this situation into account, we evaluate the
following quantities for the present model, equation (6.1):

ρ(x) = 〈nx+ + nx− − 1〉
σ(x) = 1

2
〈nx+ − nx−〉

(6.2)

whereρ(x) andσ(x) are just the charge density and the spin density at sitex. For1N = 0,
Sz = 1

2, we evaluateρ(x) andσ(x). For1N = ±1 andSz = 0, ρ(x) is evaluated.
In our calculations, we take the parametersN = 63 (i.e.L = 64), u = 0.5, t1 = 1 and

t2 = 0.25. We introduce a vacancy at the site 0. We have to identify the site−L as the siteL
because of the periodic boundary condition.

In figure 8, we show the results obtained from our calculations. The spin density for
1N = 0, Sz = 1

2 behaves similarly to the corresponding spin density in the Hubbard open
chain with an odd number of sites. On the other hand, an electron bound state seems to emerge
near the vacancy. In particular, the charge density for1N = 0, Sz = 1

2 is similar to the local
densities in the bond-alternating model of type B. Also, in the cases with1N = ±1, Sz = 0,
electrons may be trapped near the vacancy. However, away from the vacancy, the electron
densities for these cases show a similar behaviour to those for the Hubbard open chain with
odd numbers of sites. The chargeless and spinless impurity attracts charges, while spins almost
recognize the vacancy as a free end.

The behaviours of the charge and the spin densities away from the vacancy suggest that the
bulk properties of the present model are essentially the same as those of the ordinary Hubbard
model on a chain. That is, the present model with our parameters is in a spin-gapless phase
with a charge gap, as we had expected.

7. Summary

In the present paper, we study the effects of vacancies (i.e. chargeless and spinless impurities)
in the Hubbard models on several chains and ladders using the quantum Monte Carlo method.
We focus on the properties near half-filling.

In section 4, we have introduced vacancies into the bond-alternating Hubbard open chain.
This system is expected to be a band insulator at half-filling. The impurity repels (or attracts)
holons and spinons in the type-A (or type-B) model. That is, when the first link after the
chain end has a larger (or smaller) hopping matrix element (i.e.t), the vacancy behaves as an
attractive potential (or a repulsive potential).

In section 5, we have put an impurity at a site in the two-leg Hubbard ladder. We have
set this model in the crossover region between a band insulator phase and a spin-liquid Mott
insulator phase. The vacancy seems to attract holons and spinons. In other words, we can
recognize the enhanced moment as an unpaired holon or spinon since a charge–spin-singlet
dimer is almost localized on each rung.

In section 6, we have set an impurity at a site in the zigzag Hubbard ladder. We have
concentrated on a Mott insulator phase with a gapless spin excitation in this model. The
vacancy behaves as free ends for the spin sector. On the other hand, charges seem to be
trapped by the impurity.

Quantitative discussions of each model will be reported elsewhere in the near future.
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Appendix A

In the present section, we briefly summarize the eigenstates of the two-site Hubbard model
from the viewpoint of the SO(4) symmetry.

Next, we describe the Hamiltonian of the two-site Hubbard model by

H2 = −t (c†
1+c2+ + c†

2+c1+ + c†
1−c2− + c†

2−c1−)

+ 4u

(
n1+− 1

2

)(
n1− − 1

2

)
+ 4u

(
n2+− 1

2

)(
n2− − 1

2

)
. (A.1)

We can write down the generators of the SO(4) symmetry of the two-site model as follows:

S+ =
∑
j=1,2

c
†
j+cj− S− = (S+)† S3 = 1

2

∑
j=1,2

(nj+ − nj−) (A.2)

T + =
∑
j=1,2

(−1)j cj+cj− T − = (T +)† T 3 = 1

2

∑
j=1,2

(1− nj+ − nj−). (A.3)

Due to the SO(4) symmetry, we can label all 16 eigenstates of this model (A.1) as follows:

S = 0, T = 1:

{
|00〉, 1√

2
(|0±〉 − |±0〉),−|±±〉

}
E = +2u

S = 1, T = 0:

{
|++〉, 1√

2
(|+−〉 + |−+〉), |−−〉

}
E = −2u

S = 1

2
, T = 1

2
:


1√
2
(|+0〉 − |0+〉), −1√

2
(|±+〉 + |+±〉)

1√
2
(|−0〉 − |0−〉), −1√

2
(|±−〉 + |−±〉)

 E = +t

S = 1

2
, T = 1

2
:


1√
2
(|+0〉 + |0+〉), 1√

2
(|±+〉 − |+±〉)

1√
2
(|−0〉 + |0−〉), 1√

2
(|±−〉 − |−±〉)

 E = −t

S = 0, T = 0: cosθ |α〉 − sinθ |β〉 (≡|A〉) E = +2
√
u2 + t2

S = 0, T = 0: sinθ |α〉 + cosθ |β〉 (≡|B〉) E = −2
√
u2 + t2

with tan 2θ = t/u and

|α〉 = 1√
2
(|±0〉 + |0±〉) |β〉 = 1√

2
(|+−〉 − |−+〉) (A.4)

where each of the states|α〉 and |β〉 has quantum numbersS = 0, T = 0. In the above
equations,E denotes the energy eigenvalue and the state vectors are defined by, e.g.,|+−〉 ≡
c

†
1+c

†
2−|vac〉 etc, in terms of the vacuum,|vac〉, of the no-electron state.
That is, the ground state of the present model is given by|B〉, which is a spin-singlet and

charge-singlet state.
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